
Chebyshev Approximations 
for the Fresnel Integrals* 

By W. J. Cody 

Abstract. Rational Chebyshev approximations have been computed for the 
Fresnel integrals C(x) and S(x) for arguments in the intervals [O., 1.2] and [1.2, 1.6], 
and for the related functions f(x) and g(x) for the intervals [1.6, 1.9], [1.9, 2.4] and 
[2.4, 0o ]. Maximal relative errors range down to 2 X 10-19. 

1. Introduction. The Fresnel integrals are defined [1] by 

(1) C(x) - iS(x) = f f-2dt = f exp (-iirt2/2)dt. 
0~~~~~ 

For small arguments the usual Taylor series expansions are quite useful computa- 
tionally, while for large arguments the forms 

(2a) C(x) = 2 + f(x) sin (7rx2/2) -g (x) cos (7rx2/2) 

and 

(2b) S(x) -2 f(x) cos (irx2/2) -g(x) sin (irx2/2) , 

where f(x) and g(x) have well-known asymptotic expansions, are most useful. For 
values of x greater than that corresponding to the first maximum function value 
(in the vicinity of x = 1), evaluation of the Taylor series is subject to loss of ac- 
curacy through subtraction error. Since the asymptotic forms are not useful for 
small xxl, there is a region for which accurate evaluation of the Fresnel integrals 
is difficult. 

In recent years a number of papers presenting approximations have appeared 
[2]-[4]. All of the approximations given are of somewhat limited usefulness, how- 
ever. The Chebyshev series expansions given by Nemeth [4] converge painfully 
slowly, while the single approximation given by Boersma [3] is of limited accuracy 
and subject to subtraction error during evaluation. The approximation forms used 
by Syrett and Wilson [2] are generally quite inefficient and involve awkward trans- 
formations of variable. None of the previous investigators has considered approxi- 
mation by rational functions, although such approximations are generally more 
efficient than pure polynomial approximations. It is our purpose to present efficient 
rational approximations for S(x) and C(x) when IxI is small, and for f(x) and g(x) 
for all other x, with maximal relative errors ranging down to 10-19 in some cases. 

2. Approximation Forms. The approximation forms and intervals used are: 
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(3) C m(x) = xRim(x ) for lxl < 1.2 and 1.2 < lxl < 1.6 

Sim(x) = xIR?im(x4) 

(4) fim = xRim(X) for 1.6 < lxi ? 1.9 and 1.9 ? jxl < 2.4 

9im = X-3Rlm(X-4) 

and 

(5) f lm(X) = X-17{1/7r + X Rim(X)} I or 2.4 ?< lxl 

g im kX) = x3 {1/w2 + xRm() } 

where Rim is a rational function of degree 1 in the numerator and m in the denom- 
inator. The forms (3) and (5) are based upon the Taylor series and asymptotic 
forms of the functions involved, while the forms (4) are based upon the results of 

much experimentation. 
The choice of the intervals of approximation again resulted from experimenta- 

tion. While they are not optimal in this respect, the intervals were chosen so that 
a given choice of degree of numerator and denominator would result in roughly the 
same accuracy for each interval. 

3. Computations. All computations were carried out in 25-significant figure 
arithmetic on a CDC 3600 computer. The approximations were computed using 
the Remes algorithm for rational Chebyshev approximations [5], [6]. Because the 

approximation forms used for large fxl correctly emulate the asymptotic behaviour 
of f(x) and g(x), the error of approximation vanishes as fxl - co. Consequently 
these approximations could be computed for large (but finite) upper limits to the 
interval of approximation. 

Function values were computed as needed using the Taylor series expansions 
of C(x)/x and S(X)/X3 for fxl < 2.5, and using the most accurate approximations 
given by Syrett and Wilson [2] for 2.5 < fxl < 4.0. For lxl > 4.0 the asymptotic 
expansions for f(x) and g(x) were converted into continued fractions by means of the 

QD algorithm [7]. The function routines were extensively checked against the ex- 

cellent tables of Syrett and Wilson, and against each other in slightly overlapping 
regions. These tests indicated an accuracy of 20S in the master functions. 

The relative error curves 

(6) 5 Im(X) = (A (x) -A 1.(x))/A (x) 

where A refers to C, S, f, or g, were all levelled to three significant figures. In addition 

each approximation, with the coefficients rounded as they appear in the tables, was 
tested against the master routines for 5000 pseudo-random arguments. In all cases 
maximal errors agreed (within roundoff) in magnitude and location with those 
given by the error curves (6) in the Remes algorithm. 

4. Results. All results are given in tabular form in the microfiche supplement 
to this issue of the journal. Tables I-IV list the values of 
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E Im = -100 logio max I 1 lm I 

where the maximum is taken over the appropriate interval, for the initial segments 
of the various Loo Walsh arrays. An examination of the tables indicates Elm is 
generally quite close to maximal for fixed 1 + m along the line 1 = m. Tables 
V-VIII present the coefficients for the cases 1 = m. All coefficients are given to 
an accuracy greater than that justified by the maximal errors, but reasonable addi- 
tional rounding should not greatly affect the overall accuracies. 

Not all of the approximations have been checked for numerical stability of 
evaluation, but most of those that were checked proved to be quite stable nu- 
merically when the numerator and denominator polynomials were evaluated by 
nested multiplication. The few exceptions all occurred for the approximations for 
S(x) and C(x) over the interval 1.2 < lxl < 1.6, when large subtraction errors 
occurred. Transforming the numerator and denominator polynomials into their 
equivalent finite Chebyshev polynomial expansions and using the Clenshaw-Rice 
scheme [8] for evaluating these gave great numerical stability with the usual penalty 
in speed of evaluation. 

For lxl ? 1.6, Eqs. (2) must be used to compute S(x) and C(x). If we denote 
by A: the absolute error in the quantity /, and by j3 the relative error, i.e., 
30 = Aj/j, then we find from (2) 

S X f (x) sin (u) af() g (x) Cos (u) a x ACX)C(x) af(x) - C g(x)69X 
C (x) C (x) 

+ [f(x) cos (u) + g(x) sin (u)] I x 
Ax, 

C(x) 

where u = 7rx2/2. If we assume Ax = 0, we find the direct contribution of I 8f(x) I 
and I g(x)l to I C(x)l is 

IkC(x)I < mm C 
f (x) lf(x)I +mn gC(x)J I3 g(x)l = Bj5f(x)l + C13g(x)l 

Similarly, 

13SWx' < inax f(x) laf(x ) I + maxi !g(x)) |g(x)| = D3f(x) l + E3g (x)l IXI min IS() (x))I +mmn I S(x)I I~U() ~() ~() 

Using the tables in [1] rough upper bounds on B, C, D, and E are easily computed 
for the intervals of interest to us, and are presented in Table IX. These bounds 
will be useful in deciding upon the accuracies necessary for the approximations for 
f(x) and g(x) in order to obtain a desired accuracy in the computation of C(x) or 
S(x). We note in particular that generally an error in g(x) ten times as large as 
that in f(x) can be tolerated for a given computation of C(x) or S(x). 
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TABLE I I 

Etm -100 lo|o S 

Ixi < 1.2 

X JIF O 0 1 2 3 4 5 6 7 8 

3 73 211 375 559 761 976 1203 1441 1688 
1 - 383 582 794 1018 1253 1497 1750 

3 1229 1494 1763 
4 ~~~~~~~~1726 

o 40 138 265 413 579 759 952 1155 1368 
1 270 433 610 8Q0 1000 1210 1429 
2 588 793 1005 1223 1450 
3 972 1204 1440 
4 1401 1653 
5 1*866 



TABLE III 

Em ' -100 loglo || f )(x)| 

1.6 c x < 1,9 

St t 1 2 3 4 5 6 ? 8 
J"4*I ~ 37 5;: *v**-vv*********W.n**-*. -*-*-********* *v******* v**# 

3 212 371 506 627 741 850 9S6 1050 1158 
1 ~~~542 687 9145 1063 I117 1281 

2 69 844 86 1119 1246 1367 
3 990 1138 1278 1411 
4 1281 1427 
5 1713 

oooooooooo*oooo*0--------*o*oO********00000000*00000000000000000000000 

1.9 < lxi < 2.4 
*0*0v **-**0000000000000000000000*00*000*0*00000*****--***0 **0*000*04 

2 226 391 527 648 759 864 964 1061 1154 
1 558 701 830 949 1062 1170 1273 
2 704 850 986 1112 1232 1346 
3 988 1128 1260 1385 
4 1116 1262 1398 
5 1664 

24 < lx 
.0* ooooooooooo*ooooooooooooooofloooooooooooooooooooooooooeoooooo*o'* 

391 526 638 736 822 902 975 1043 1107 
1 551 680 792 891 980 1062 1138 
2 662 806 917 1018 1109 1194 
3 756 908 1029 1130 1223 
4 998 1124 1232 1326 1414 
5 1322 1422 1512 
6 1689 



TABLE I V 

g (x) -g (x) 
E * ..I00 log1 Elms -OO ?90 | 9m(X) | 

1.6 < lxl < 1.9 

* 0* *.*. **e**-*.******.*-*****@******** *******e.***.*-**e****. enO 0., 
*% ........ ..102. 3 4 5 ..6 .7 .... 8 

O ~151 293 415 531 640 145 841 947 1044 
1 ~~~465 602 729 849 963 1073 1181 

2 611 736 899 1027 1150 1268 
3 910 1053 1189 1319 
4 1198 1340 
5 1625 

.***** ***-****.* .*O.**.*. 0*000*O 0***.***.*@*.*******O00000. *****. ** *.*** 

1.9 < xlxi 2.4 

O 161 306 431 545 651 151 848 942 1033 
1 414 608 130 845 954 1058 1158 
2 620 759 889 1011 1126 1237 
3 898 1033 1161 1282 
4 1024 1168 1301 
5 1565 

2.4 < lxi 
*0000.v *o**eoe.o. -e*.oeeo**ooeooeoe*00**-*-*-*-*****v**-v **.****o*X** 

) 300 422 525 616 697 772 841 906 968 
1 455 574 678 771 855 933 1005 
2 559 699 804 898 985 1066 
3 646 196 914 1010 1099 
4 881 1006 1112 1202 1287 
5 1088 1199 1298 1384 
6 1558 

00. ...W*0* ------ *00-*0*0*-**000000090000000000000000000000000@**0***---0---- 



TABLE VA 

n 4s n ~4s C (x) x px q x Is lxi < 1.2 
Sao S' /0o 

eIsPs q e{{**********S*****v***v** *ooooF*******o*o********--o**o*ooooo**-- 

na1 
*0*0*00 00000000000000000000 *0-*00*0*0w ***0-*0-****000 000*0*0*0*0*0000*00 

0 11.*00053 1 00)1 1.00000 003) 1 412353 (-w 1.3893? V01) 
**^ l**.- ~ ~ ~ ~ ~******...****-***-* * .*. .,..*********** ***0*00*00* 

0**00000000000000000000000000000*****o**o*oo**o000000000oooo.oo *****o*o*o 
9*99999 896 1-01) 1*00000 000 ( 00) 

-1*63090 954 (-e1) 8*3646? 414 (-02) 
2 1*06388 604 1- 2) 3*10155 884 1-03) 

0000000000000000000000000000000000000000000000****00000********.*.*v**o 

nfl 3 

O *1.00000 00000 042 1 00) 1.00000 00000 000 1 00) i1 -.*86511 27631 106 1-0)1 6*02288 33908 [28 (-02) 
.*50656 63274 457 (-02) 1.74103 00558 198 t-03) 

3 -3.10580 14693 185 (-04)1 2.63086 17899 210 (-05) 

nfl34 

9*99999 99999 99999 421 (-01)j 1000000 00000 00000 000 ) 
1 -1*99460 89882 61842 706 (-01) 4.72792 11201 04532 689 (-02} 
2 1*76193 95254 34914 045 (-02) 1*09957 21502 56418 851 (-Q3) 
3 -5*28079 65137 26226 96C (-04) 1*55237 88527 69941 331 (-05) 
4 5*47711 38568 26871 660 (-06) 1*18938 90142 28757 184 (-07) 

0*00*00 000* *00 0*0*00*0 0*00*0*00 0*00 00*0*00*0.* 0 *0*0X*00 00 *00 v*0*0 000* 



TABLE VB 

n 4s n ~4s C(x) N x x j qsx ; 1.2 < jxj C 1.6 
suO / S=O 

s q*0 

n=l 

0 1 1.3139 ( 00) I 1.93O0 (0) 
? {-508827 '-802) 4 1 324 (-01) 

|.*****.*************.****.*.***********...**...v**. *X****.***.**. 

nf 2 
"*e.eee.eeeseee.eeee*e***-***ee*e*eo p e-***e*e*e*.*e*e*eee. *.***.*c**.., 

0 9 97908 90 { -01) 1.00000 00 ( 00) 
1 -1.53918 95 (-01) 8.98786 47 (-02) 2 19.98179 33 (-03) j 5.60030 71 (-03) 

n =3 

3 1.00000 44C10 9 C 00) 1 1.00000 00000 0 a 00) 
1 -1*83413 85190 8 (-01) 6.33347 44563 7 (-02) 
2 1.4574- 11082 8 (-02) 2*01245 73836 9 (-03) 
3 A-2.78980 70527 J (-04) 4.03949 00464 6 (-05) 

n =4 
*.oeo.oee.eeo**.eoo.eeeeee.o*ee...oeee*.eeo*v.*.**eeoe*e*.*e*n*eeoeee.e.* 
i 1 9.99999 99664 96876 (Ol) 1 1.00000 Q0000 00000 ( 030 
1 -1.98030 09870 22688 (-01) 4*87100 03089 97918 (-No 
2 1*73551 87484 50023 (-02) 1*18840 69740 04084 (-03) 
3 -5.06944 22979 35788 (-04) 1*82452 76358 43850 t-Q5) 
4 5*05996 22546 78234 (-06) 1*67831 42578 74103 (-07) 

n 5 

3 * .00000 00000 01110 43640 ( 00) 1.00000 00000 00000 00) 
1I -12.07073 36C33 53238 94245 1-0g) 3.96667 49695 23234 3351 Q (-Q2 
2 1*91870 27943 17469 26503 (-2Z) 7.88905 24505 23599 0784? (-4) 
3 1-36*736 03469 49221 0923 -0) 1.01344 63086 67494 0608 (-QS) 
4 1*02365 43505 61058 64908 (-051 8*77945 377 9 23692 65356 (-08) 5 eS*,68293 31012 18707 28 343 ( -08 L 4.41701 37406 50096 20393 -10) 

*0* ...... .... *0000000000000000 ***.**.***l*.....***--- .-. .*.*.*... -*. 



TABLE VIA 

3n 4sn 4 S(x) x3 p x qsx4s , lxl < 1.2 

s Ipc q 

0 1 5.23677 e-01) I 100 0001 00) 
1 -4.67900 V-02) j 8.81622 (-02) 

.v4.*0000***..00 00*********ov.**..*.****** *000000000000000*00000000004* 

0 5.23598 7665 (-01) 1.00000 0000 1 00) 
1 -5.83776 3961 (-02) 6*47494 4765 (-02) 
2 1 2.16592 0196 (-03) 1.71328 7588 (-03) 

nL= 3 

**ooooooo*o.****oo*o*00000000000*0000*000000000000 oOooOo*OOo *000.*00 0004 

0 5.23598 77559 8566 (-01) 1 .00000 00000 0003 1 00) 
1 -6.59149 58113 9046 (-02) 5*03546 38867 0085 (-02) 
2 3.21501 64982 8293 (-03) 1 *117835 98035 6588 1-03) 
3 -4o88704 43624 0178 (-05) 1*37089 87582 6980 (-05) 

n =4 

5.? 3598 77559 82988 7021 (-01) 1.00000 OQ000 OOOOQ 030Q I Q0) 
1 :-7.07489 91514 45230 2596 (-02) 4*.11223 15114 2384Z 220S (-D2) 
2 3.87782 12346 36828 7939 (-03) 8*17091 94215 21344 7204 1-04) 
3 -8.45557 28435 27768 0591 (-05) 9.62690 87593 90340 3370 (-06 
4 6.71748 46662 51408 6196 (-07) 5*95281 22767 84099 8345 (-08) 



TABLE VIB 

S(x) X3 I psx4 X qx4s , 1.2 < fxj < 1.6 
5g0 S=0 

n =1 

01 5*4766 (-01I 1*0000 t 0I ) 
If -3.7151 (-021 1*4559 C-01) 

n =2 

5*23439 94 (-01) 1.00000 00 00) 
1 -5*48283 47 (-02) 7*11047 04 (-02) 2 1*90208 81 1-03) 2*55962 74 (003) 

l = 3 
****4*.*..*****4*,4I*********** ****** *** *********************** ******** **** 0 5*23599 04049 8 (-01) 1*00000 00000 0 C 00) 

1 -6*46593 39242 6 t-02) 5*27536 68168 5 (-02) 
2! 3*08030 79436 1 (-03) 1*34311 02682 1 (-03) 
3 -4*40800 85441 8 (-05) 1*90476 61284 9 (-05) 

fl =4 

,************,*****h******** ****.**.********* ,f*.,*v*.,*.*.*., ************ 
a) S.23598 77543 50917 8 (-01) 1*00000 00000 00000 0 ( 00) 
1 -7*01490 76634 83366 2 (-02) 4*22680 67370 39548 7 (-02) 
2 3*80315 81605 98703 8 (-03) 8*76427 53831 07323 7 (-04) 
3 -8*.09649 48714 40815 6 (-05) 1*10885 42889 78928 2 (-05) 
4 6*19080 80210 05277 2 (-07) 7*87258 29545 47846 4 (-08) 

=5 

*********************v*****41****v****** *************v***#f***** ************ 
0 5*23598 77559 83441 65913 (-01) 100000 000) 00 00 00000 I 00) 
1 -7.37766 91401 31913 23867 (-02) 3*53398 34216 74 21 62540 (-02) 
2 4*30730 52650 43665 10217 (-03) 6.18224 62019 5412 16538 (-04 
3 -1*09540 02391 14349 94566 (-04) 6.87086 26571 86201 17905 (- 6 
4 1*28531 04374 27248 20610 (-06) 5*03090 58124 46123 75866 (- 8) 
5 -5*76765 81559 30888 04567 (-09) 2*05539 12445 8t795 96O75 110) 



TABLE VIIA 

f(X) I Cs1 x I ,. 1.6 < lxi < 1.9 
5s0 ~s=o 

~~~~~~~Sa Sao 

*41* ,*******v**********@***************.*********************** ***********4 

0 3*18035 19 (-01) 1.00000, 00 00) 
1 4,23523 32 (-01) 1*60154 03 0) 

*41* q *** *** ***v***v** ****v*v*** ***********v *** **************** v******** ***4 

n = 2 
.p*.. ,*oeoe*******ee**ee,o,***e***** q .*.*..******...*.*.*...*..**....... 

0 3*18285 25209 4 (-01) 1.00000 00000 0 ( 00) 
1 2o02860 27571 3 1 00) 6.67171 54813 5 1 00) 
2 1*08108 13604 8 1 00) 4*52997 55397 2 ( 00) 

n x 3 

0*1**************v***********v**0v*****4 t************v*********v*****.**v***. 
0 3 .18306 46311 448 (-01) 1.00000 00000 003 1 00) 
1 4.60772 49266 684 1 00) 1*47784 64938 936 1 01) 
2 1.19145 78438 j74 1 01) 4*09029 71163 705 1 01) 
3 3*55550 73665 830 1 00) 1*61304 32784 819 1 01) 

0*41 *******v**************************************0*********** ************ fl 4 

0 3*18309 26850 49059 9 (-01) 1.00000 00000 00000 0 ( 00) 1 8.03588 12280 39415 6 1 00) 2*55491 61843 57952 9 1 01) 
2 4*80340 65557 79248 7 1 01) 1*57611 00558 01225 3 02) 
3 6.98534 26160 10206 5 1 01) 2*49561 99380 51722 9 02) 
4 1*35304 23554 03878 4 1 01) 6*55630 64008 39155 4 ( 01) 

4*414004*4141*414***v**41**41**** ****41***414*40*41 *414*4141**4**41:**414*4141* *414*411*414*41* 

n =5 

**414**41*-*41144*414104114****411014**41044104414*4141*4141**4*4141 *41*0414*41** * *4**41**4141*4 
0 3*18309 75293 58098 5290 (-Ol 1.00000 00000 00000 0000 1 00) 
1 1.22260 00551 67296 1219 (01) 3.87130 03365 58344 2831 (01) 
2 1.29248 86131 90165 7025 1 02) 416743 59830 70562 9745 1 02) 
3 4*38863 67156 69554 7655 1 02) 1*47400 30733 96661 0568 1 03) 
4 4*14667 22177 95896 1672 1 02) 1*53716 75584 89575 9916 1 03) 
5 5*67714 63664 18511 6454 ( 01) 2*91130 88788 84783 1515 1 02) 

0*414*41*414*414**41*v#v**41144*41414414404**41414414* *4*4141*411441144114*4141F*4141 *41*41414*414*41 



TABLE VIEB 

.**********..*.****************9**9*99*9999099*9**9*99*99***9999**99*991* n ~~n=1 
s~s 

***I*.***.* 999*9 **0"9*9***9*********9**9009**9**9** **99*99*. 9999*999.9.4* 

O 1 3.18251 12 (-01) j 1.00000 00 1 00) 
1 5*83959 51 (-01) 1 2.12439 44 1 00) 

*O*v***********v************9*9*********9*9**9*9***99**99*99*9*******9***994 

nf= 2 

9.**.***9**9**99*99**9v**9**9**9**99*99****9v**9*99*99*99**9**9*****9*4* 

0 3*.18306 99932 (-01) 1.00000 00000 0 ) 
$I 2*99934 57087 1 00) 9.72545 17756 1 Ou 
2 2*39563 40C10 ( 00) 9*48140 71696 1 00) 

9******99.9..**9v**99*99**9**999*99**9**9?**9**99*9**99*99**9**9****9994^ 

n =3 

*9*9*99v*999*99*99*9* *99**9**9999**9* *999*99*9v*9*9*9*9*99*9*999* 9*99*9*4 

O 3.18309 63944 521 1-01) 1.00000 00000 000 1 00) 
1 7.07704 31878 327 1 00) 2*25369 94405 207 ( 01) 
2 2.87560 83262 903 1 01) 9*61275 68469 278 " 1 ) 
3 lo35836 85742 326 1 01) 5*74070 28004 031 

* * *F * * * *9v*9 * * *99* * * *9 * * 9 * * 9 * *9v * 9 * * 9 * * * 9 * * 999 * * 99 * * 9999 * * 9*99*9 * *99*9* 411 

n z4 

9* ***9*9 **9***9**99*999****9**9**99**9 **9****9****9**9*99**9*9 **9**994* 

a 3*18309 85686 40159 (-01) 1*00000 Q QOQQO a 00) 
1 1*26512 94696 83175 t 01 ) 4.00491 53027 81009 01) 
2 1.21946 76164 98339 ( 62) 3*94205 96979 51583 02) 
3 2191003 36555 12762 1 02) 1*00136 84034 95691 1 03) 
4 9*27839 78286 31516 1 01) 4,14267 62242 22433 1 02) 

n =5 
999*99 9*9 9*9**9 *9 **9***99 9 *99 *99* *9.*9* 99*9*99 9*99*9.* 9*9 99999994 

0 3*18309 88182 20169 217 (-01) 1.00000 00000 00000 QQ0 ( 00) 
1 1*95883 94102 19691 002 3 1 6*18427 13817 28873 109 1 01) 
2 3*39837 13492 69842 40O 6 2) 1*08535 06750 06501 03! ?) 
3 1*93007 64078 67157 531 1 03) 6*33747 15585 11437 1 03) 

45 3 $09145 126157 44296 552 0 03) ?09334 24898 88087 888 1 04) 7v**v.17703 24936 51399 590 1 02) 3.36121 69918 05511 494 1 03) 



TA8LE VIIC 

f (x) x c' {t- + ,x I p , 2.4 < Lx 

n0 

01-8.97969 (-02) 1.000000 0 

I .1*3565 920 (-01) 1.29466 572 A 00) 

fl 2 

. 967541 44364 8 (-02) 1.00000 00000 0( 00) 

. 226566 29381 8 (00) 2.69596 93991 1 1 01) 
2 -3o5342982108 4 100) 9.12883 95746 9 C01) 

O -9 .67545 96389 025 1-02) 1.00000 00000 000 ( 00) 
. 552549 43840 891 1 00) 6.06544 83020 919 

2 .586062 82086 111 1 01) 1.85288 41711 294 
- m5.22355 63918 394 1 01) 1 185924 98578 831 1 03) 

O .967546 03169 52504 1-02) 1.00000 00000 00000 QO 
1 .0o2381 64281 29288 01) j 1.09368 22440 53459 u62) 
2 j 2:71257 96340 37998 102) 3.15584 34619 20557 1 Q3) 
3 1076193452 82127 03) 2. 62563 43162 04420 1 ti4) 
4 ( 1.04346 44266 562617 03) L4.57825 20572 46393 1 04) 



TABLE VIIC - CONTINUED 

n5 

3 -9.61546 032-96 10903 80 (-02) 1.00000 00000 00000 00 (03) 
1 -1.64191 11284 12451 61 1 01) 1 1.3811 69061 36491 14 102) 

2 -8.16343 40118 43145 98 1 02) 19.01821 59623 15241 417 03) 
3 -W1.34922 02811 18512 48 1 04) 1 165946 46262 18531 84 1 05) 
4 -O6. 13541 11361 46991 12 1 04) I1.00105 41890 01913 39 1 06) 
5 -2.61294 15322 51411 19 ( 04) 1.31012 36481 12259 12 106) 

fl6 

31 -9.61546 03299 52532 343 (-02)j 1.03000 00000 00000 000 1 00) 
11-2.43121 54071194161 683 (01)1 ?54828 90129 49132 152 102) 
21 -1.94162 19983 06889 116 103) I 209916 15368 51815 105 104) 
31 -6.05985 21911 60113 639 104) 16.92412 25098 21108 985 105) 
41 -1.C1680 69528 31119 823 105) I9.11882 32299 18143 180 1 06) 

.5J -2475 79 61j1 6 4.29213 32556 30186 619 01) 6 
-1.83491 45900 18311 336 105) 4.80329 41842 60528 342 101) 



TABLE VIIIA 

g(x ~ 3 n sn -4s_ 0*00 0 X0* I p0X-0* * q x > 1.6 < lxl < 1.9 
S=O 

s S=n 
***v****v****** **0*000*0*0-* *0*0*0000*000*0v* * *~* *0* * ***** v**0*004 s ~~~~~~~s 

*00000000000000000000000000000000000000000000000000000******o*0*0*0*0*0*4* 

*0000000000000000*00 *0v*00* * ******0000000 ***00000000000000000*00 *0*00*0*9 

0 i 1*00701 1 (-0111 1.000000 00) 
1 1 2 f45778 1 18-01 1 3:870025 3 1 00) 

n = 2 
000000000000000000000000000000000000o** %*********00000000400000 *0*0*0*0*04* 
0 1.01250 0483 (-01) 100000 0000 ( 00) 
1 7*73520 7446 (-01) 9*10195 6118 ( 00) 
2 3*87828 2770 (-01) 1.00223 4185 1 01) 

***0000000000000000000000000000000000000000000000000000000000000000000001** 

flz 3 

*00 0** *0000000000000000000000000 **0*4* * **0****0*0*****0**0 *-*00000000 
0 1 *101309 54368 17 (-01) 1 .00000 00000 00 1 00) 
1 1.73193 79841 73 1 00) 1.86007 74300 76 1 01) 
2 5.03658 82452 65 1 00) 6.90195 19357 25 1 01) 
3 1*29070 72465 17 1 00) 4.30891 86599 89 1 01) 

n = 4 
*0*0** *0*0*0*0-*0***v******* * *0000000*** *0*0*0*0*0*0* * **** *000 *0*0*0*0*0*0* 

a 1*01318 80965 39180 (-01) 1.00000 00000 00000 0) 
1 2*96622 05547 25899 1 00) 3*07917 81367 24045 B1) 
2 2*01543 52995 05393 1 01) 2*36287 43189 80473 1 02) 
3 3*15560 56793 87908 1 01) 4*95386 12582 48338' 02) 
4 4.91601 28306 46366 1 00) 2.02614 44934 03599 1 02) 

n = 5 

3 1.01320 61881 02147 985 1-01) 1100000 00000 00000 GJ0 1 00) 
1 4;44533 82155 05123 778 00)1 4.53925 01961 36893 605 ( 01) 
2 5:31122 81348 09894 481 ( 01) 5.83590 15751 64290 666 2) 
3 199182 81861 89025 318 1 02) 2.54413 13318 18121 034 1 ) 
4 1'096232 03797 16626 191 l 02) 3*48112 14785 65452 837 l 031B 
5 2*05421 43249 85006 303 1 01) 1.01319 48339 60028 555 1 03) * ..*000000000-0000000000000000000000000000000...0- --************ 0*0*00*0*00-- 



TABLE VI I 18 
n ~~n 3 n 4s/ -4s g(x) x' x ~-~ i: e4 1.9 c lxi < 2.4 

s=o / SLO 

s I sIq 

n-1 

0 1 1.01171 1 (-01) 1 1.00000 0 ( 00) 
1 12.23963 0 (-01) j 3.6C923 7 1 00) 

n =2 

0 1.01311 5463 (-0 1 1.00000 0000 ( 00) 
1 1.18202 1191 1 00) 1*31721 9285 C 01) 
2 9.88631 5969 I-01) 2*10110 4994 C 01) 

n =3 

0 1 .01320 20256 53 (-01) 1,00000 00000 00 C 00) 
1 2. 69076 70131 70 1 00) 2*80745 70055 30 1 01) 
2 1*28362 47492 71 ( 01) 1*59870 43135 22 C 02) 
3 5*.79133 75877 23 ( 00) 1*52563 03850 45 C 02) 

n -4 
000000000000*0000* 00 000000000*000--00 00000000..}-*-.* 0000000 v.'vv*000..... @.* *0*6.. 
0 1.01321 C5094 09046 (-01) 1.00000 00000 0000) ( 00) 
I {4. 68216 97697 57399 1 03) I 4.77365 29667 04634 4 01) 
2 5*24135 16133 46472 1 01) 5*80203 69679 47208 C 02) 
3 1*41173 59445 50041 1 02) 1*94717 93272 44406 t 03) 
4 1 4.01915 60127 88710 C 01) 1 1.26604 12369 60445 ( 03) 

00000000000000* 000*0000*00000000000 * 00000000000000. *- 0000000000000000.. -9 *------ n =5 

O lr.0 1321 16176 18045 86 (-01) 1 1.00000 00000 00000 0C t 0 
1 I7.11205 00178 97828 23 ( 00) 1 7.17128 59693 93021 98 1 0?) 
2 1*40959 61791 13155 24 ( 02) 1*49051 92279 73292 29 ( 03) 
3 9.08311 74952 95939 38 ( 02) 1*06729 61803 05838 97 ( 04) 
4 1.59268 00608 53538 64 C 03) 2*41315 56721 33697 42 ( 04) 
5 3* 13330 16306 87559 50 ( 02) 1.15149 83237 62606 04 ( 04) 



TABLE VIlIC 

g(x) X -3- + x-4 / p5xe4S y qSxe4S} , 2.4 < lxi 
g5(x) xs o so 

*0 ,OOe* -OOO*OO*O***--*O*OOOO *O.O......0000000.. 

3 1 -1.3549 (-01) I 1. 0 00 1 00) 

3 ^ -lo53828 24 (-01) I 1.03000 00 C 00) 
1 -6.45 4 1( 64 0 01) 1.02903 28 1 01) 

n -=2 
0009 oooooooooooooooooooooooooooOoOoOOoOOOOOOOOOOOOOOOOOOiOOOOO 000---.------ 

1 -1.53987 60302 (-01) 1100000 000 0 1 00) 
1 -4.27128 51997 1 00) 3*41499 86471 1 01) 
2 -6.59401 81141 1 00) 1.70717 08816 t 02) 

0001 OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO---O---O-OO--OO---O------OO 000*00000004 

n =3 

ooo1 oooooooooooooooooooooooooooooooooooooooooooooo-*oooooooOOO 00000000000 

0 -1.53989 69716 16 (-01) 1.00000 00000 00 1 00) 
1 -1.02463 83144 46 1 01) 1.29222 93037 54 ( 01) 
2 -1.25250 14021 20 1 02) 1.18652 86732 48 Q3) 3 4;-1.02918 96761 44 1 02) 3.84443 09084 76 03) 

n = 4 

? -1.53989 73305 7971 (-01) 1.000000 0QQ 0000 QQ) 
-1.86483 22383 1639 101) 1.27484 29807 5273 1 01 

2 -5.66882 77802 6550 1 02) 4.43258 85815 9927 1 031 
3 -4.16714 64701 7489 t 03) 4.57583 83069 4684 I 04J 
4 -2.14678 07436 4341 1 03) 1.08207 88328 1215 1 05) 

00 oooooooooooo*oo-oo-00000-0 0000........ 0000000000000000000 



TABLE VIJIC - CONTINUED 

n= 5 

0 -1.53989 73380 19247 (-01) 1.00000 00Q0Q 00000 ( 001 
1I -2.95907 82318 55258 ( 01) 1098543 98135 44440 ( 02) 
2 -1.66186 70871 83632 ( 03) 1.19669 31345 08007 (04) 
3 -3.11279 64549 20657 ( 04) 2:62557 38645 12749 (05) 
4 -l.57353 62868 19766 ( 05) [ .96985 58293 11119 (06) 
5 -5.57488 41137 46041 ( 04) 3.629 8 13333 1 312 ( 06) 

flu 6 

o -1.53989 73381 97693 16 (-01) 1.00000 00000 00000 00 ( 001 
1 -4.31710 15782 33575 68 1 01) 2.86733 39497 58994 83 ( 021 
2 -3.87754 14174 63784 93 ( 03) 2.69183 18039 62425 36 ( 04) 
3 -1.35678 86781 37563 47 ( 05) 1.02878 69305 66875 06 ( 06) 
4 -1.77758 95083 80296 76 ( 06) 1.62095 60050 02316 46 ( 07) 
5 -6.66907 06166 86364 16 ( 06) 9.38695 86153 16351 79 ( 07) 
6 -1.72590 22465 48368 45 ( 06) 1.40622 44112 35800 05 ( 08) 

9.990. ooeeeeee---e*eoeeeeeeeeeeeeeeeeoeeee---oeeeeeee*999999@999@9 --- 99999094 



TABLE I X 

16C(x)I | B 6f(x)I + CI6g(x)I 

16S(x)I < 016f(x)j + E16g(x)J 

Interval B C D E 
*--*.**.*v..*.fl**********. *e*****eee,***.**-.**nee*e**.* *.-****e*e*** 

1.6 < _X I < 1.9 *625 .069 .541 . 060 

1.9 < IXI < 2.4 .436 .039 400 .044 

2.4 < IX, .369 .021 .369 .021 
_. . . , . l , f . . _..__**L__*.__..*__**___*.__.*___.*__**.__.*_L_**__..___ ..__ *, __ __..f..,____....*..__ 



NUMERICAL ITTION OVER A SPER 

CHRISTOP A. FEUTE 

See article in this issue for explanation of symbols in table. 



TABLE I 

The roots r and weights C of G (3/2, 3/2, r ), m=0(1)25 k k rn+I 

m = 0 

0.33333333333333313333 0*77459666924148337704 

m =1 

0*13877799911553081507 0,53846931010568309104 
0*19455533421780251827 0,90617984593866399280 

m =2 

0.06289133716441942398 0*40584515137739716691 
0*15380118384095636775 0*74153118559939443986 
0.11664081232795754160 0,94910791234275852453 

m =3 

0*03284025994586209607 0*32425342340380892904 
0*09804813271549s16746 0,61337143270059039731 
0.12626367286460207059 0*83603110732663579430 
0.07618126780737099922 0,96816023950762608984 

m =4 

0.01909367337020706716 0,26954315595234497233 
0.06283657634659116753 0*51909612920681181593 
0.09931540074741397873 0,73015200557404932409 
009881668814540756267 0*88706259976809529908 
0.05327099472371355724 0*97822865814605699280 

m =5 

0.01201813399575544179 0,*23045831595513479407 


	Cit r203_c211: 
	Cit r202_c210: 


